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MULTIPLE DECORRELATION AND RATE OF CONVERGENCE 
IN MULTIDIMENSIONAL LIMIT THEOREMS FOR THE 
PROKHOROV METRIC 

By Francoise Pene 

University of Brest 

The motivation of this work is the study of the error term ef (x, ui) 
in the averaging method for differential equations perturbed by a dy- 
namical system. Results of convergence in distribution for ( - ) E> o 
have been established in Khas'minskii [Theory Probab. Appl. 11 (1966) 
211-228], Kifer [Ergodic Theory Dynamical Systems 15 (1995) 1143- 
1172] and Pene [ESAIM Probab. Statist. 6 (2002) 33-88]. We are 
interested here in the question of the rate of convergence in distri- 
bution of the family of random variables ( et ^l' - ) e> o when e goes to 

(t > and x £ R d being fixed). We will make an assumption of 
multiple decorrelation property (satisfied in several situations). We 
start by establishing a simpler result: the rate of convergence in the 
central limit theorem for regular multidimensional functions. In this 
context, we prove a result of convergence in distribution with rate of 
convergence in 0(n~ 1 ^ 2+a ) for all a > (for the Prokhorov metric). 
This result can be seen as an extension of the main result of Pene 
[Comm. Math. Phys. 225 (2002) 91-119] to the case of d-dimensional 
functions. In a second time, we use the same method to establish 
a result of convergence in distribution for ( Ef ^ - ) e>0 with rate of 

convergence in 0(e 1 ^ 2 ~ a ) (for the Prokhorov metric). We close this 
paper with a discussion (in the Appendix) about the behavior of the 
quantity || sup 0<t<T \e\ (x, -)|oo \\lp under less stringent hypotheses. 

1. Introduction. We are interested in the asymptotic behavior of ran- 
dom variables sequences defined by a probability dynamical system. Let us 
consider a (discrete-time) probability dynamical system (Q.,J-,v,T) [where 
(TL,J-,v) is a probability space endowed with a ^-preserving transformation 

T-.n^n}. 
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Let a function / denned on $7 with values in R be given. We can study 
the stochastic properties of the sequence of random variables (/ o T n ) n >o 
defined on (Q,F,v). If v,T) is ergodic, Birkhoff's ergodic theorem 

[6] gives a strong law of large numbers for (/ o T n ) n >o when the function 
/ is z^-integrable. Furthermore, central limit theorems (CLTs) have been 
established for (/ o T") n >o in various situations (see [9, 31, 36, 38], etc.). 
Results of speed of convergence in the CLT for (/ o T n ) n >o have been es- 
tablished in the one-dimensional case (i.e., when / is a real- valued function) 
in [17], [19] and [32], for example. Here, we are interested in the speed of 
convergence in the central limit theorem for multidimensional random vari- 
ables (/ o T n ) n (i.e., when d > 2). We estimate the speed in the sense of 
the Prokhorov metric. When (f oT n ) n is a sequence of independent random 
variables, Yurinskii established a speed of convergence in in the sense 

of the Prokhorov metric (cf. [39]). Let us point out the fact that such an 
estimate gives directly an estimate in ^= for the speed of convergence of 
the expectation of any bounded Lipschitz continuous function. In Section 2 
of the present paper we establish a speed of convergence in 0(n -1 / 2+Q ) (for 
all a > 0) for the multidimensional CLT for (/ o T n ) n >o when / is a regular 
function (Theorem 2.2). This result holds under a hypothesis of multiple 
decorrelation (with exponential rate) for regular functions. This hypothesis 
is satisfied in different hyperbolic situations (systems studied in [38] , billiard 
transformation studied in [37], mostly contracting diffeomorphisms studied 
in [8]). 

Our proof is based on the method developed by Jan to establish Theorem 7 
of [19] (it uses characteristic functions) and on a result due to Yurinskii [39] 
which plays here a similar role to the one played by the more classical Esseen 
lemma [12] in the proof of Theorem 7 of [19]. (Let us mention the work of 
Jan who estimated, in a slightly different context, the speed of convergence 
in the multidimensional central limit theorem in the sense of the uniform 
convergence of the distribution functions and then extended Rio's result of 
[32]; cf. Theorem 9 of [19].) 

In Section 3, a result of speed of convergence in terms of the Prokhorov 
metric is established in a more sophisticated context. We study the averaging 
method for differential equations perturbed by the probability dynamical 
system (Q,.F,i/,T). This problem has been studied in particular [11, 20, 21, 
25, 26]. For a general reference about this method, we refer to Chapter 4 of 
[1] and to Chapter 7 of [14] (see also Chapter 5 of [2]). The problem is the 
following one. Let a function F : H d x Q, — > H d smooth enough (measurable, 
uniformly bounded and uniformly Lipschitz in the first parameter) be given. 
For any e > and any (x,u>) £ R rf x Q,, we consider the continuous solution 
(xf (x,uj))t of the following differential equation (with initial condition): 

ViGR+\N, ^(x,u) = F(xf(x,u;),rL < / e J(u;)) and x e (x,u) = x. 
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Let us write (wt(x))t the solution of the differential equation (with initial 
condition) obtained from the previous one by averaging: 

dw t 



—^■(x)= [ F(wt(x),uj') dv{uj') and Wq(x) 
at Jn 



We are interested in the study of the asymptotic behavior (when e goes to 
0) of the error term (ef (x,u))t defined by 

ef(x,uo) := xf(x,u) — w t (x). 

Results of convergence in distribution for the family of processes (( £f ^ )te[0;T] )e>o 
have been established in [21] and in [28] (see Theorem 2.1.3 in [28]). Here, 
we establish a result of speed of convergence in distribution for the family of 
random variables ( e ^') ) £>0) s an d x being fixed (Theorem 3.4). The speed 
is estimated in the sense of the Prokhorov metric. The proof of this result 
is based on the ideas of the proof of Theorem 2.2. 

In the Appendix, we complete our study with estimates of the following 
form: 



sup 



sup 



;0v)|c 



Li' 



o(v^), 



ie[0;T ] 

for any real number To > and for some real number p > 1. With these 
results, we improve a result of [11] in two particular cases: for a differential 
equation perturbed by the billiard flow studied in [29, 37] and in the case of 
a differential equation perturbed by a diagonal flow on a compact quotient 
of SL(d,TL) (see Section A.1.4). 



1.1. Context. Let us specify the context we consider here. Let us consider 
a probability dynamical system (Q,J r ,h',T). Let us suppose that the space 
£1 is endowed with a metric d and that T is the associated Borel cr-algebra. 
We denote by E v [-] the expectation relative to the measure v. 

E v [f] := I fdu. 
Jn 

For all complex- valued square integrable functions /, g, we denote by Cov u (f, g) 
the covariance of the functions / and g with respect to the measure v: 

CoY„(f,g) = -E u [fg]--E 1/ [f]V„[g]. 

Let a real number ry S]0;1] be fixed. For any uniformly bounded and 77- 
Holder continuous function / : $7 — > C, we define ||/||oo := sup xg ^ |/(x)| and 
(v) 

we denote by Cy the Holder coefficient of order rj of /: 

c m ; - sup l/(*W(y)l , 

/ x^y d(x,y) r i 
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We write 7i.„ the set of complex-valued uniformly bounded r/-H61der contin- 
uous functions denned on fi. 

For any real number r > 1, we introduce the multiple decorrelation Prop- 
erty (V r ) as follows: 

Property (V r ). There exist a polynomial function P r with real nonneg- 
ative coefficients and a real number 5 r G]0;1[ such that, for all integers m 
and m! , for all bounded rj-Holder continuous functions /i, . . . , f m +m' '■ ^ — * 
C, for all increasing finite sequences of nonnegative integers (ki,..., k m ) and 
(li, . . . , l m i) and for all nonnegative integer n, we have 

(m m' \ 

i=i j=i ) 

(m+m m+m \ 

n ii/«iioo + e cjfnii/iiu )PrM5r n - rkm . 
i=l i=l j^i / 

Such results of decorrelation have been studied in [22] for Anosov dif- 
feomorphisms. Let us make some commentaries about this property. Let us 
notice that Theorems 2.2 and 3.4 are still true if we replace, in Property 
(V r ), 5 r n ~ rkm by h r (n — rk m ), where (h r (n)) n >o decreases rapidly (more 
precisely, if limn^+oo n^h r {n) = for every real number (3 > 0). 

Property (V r ) is satisfied for any r > 1 in the case of a billiard transfor- 
mation studied in [37] (cf. Corollary B.2. of [29]). This result can be proved 
in the same way for any dynamical system to which Young's method of [38] 
can be applied. Examples of dynamical systems satisfying this property are 
given in [23] where a similar property is proved. In particular, this prop- 
erty is satisfied for ergodic algebraic automorphisms of the torus (this can 
be proved by rewriting the proof of Theorem 4.1.2 of [28]) and for diago- 
nal transformation on a compact quotient of SL(d,H) (see [23]) and for the 
dynamical systems studied by Dolgopyat in [9]. 

1.2. Prokhorov metric, definition and first results. We endow TL d with 
the supremum norm | • |oo defined by \(xi, . . . ,Xd)\oo '■= m a x i=i,...,d For 
real-valued random variables, we estimate the speed of convergence in dis- 
tribution in terms of uniform convergence of distribution functions. In the 
(i-dimensional case, a natural metric between two probability measures on 
R d is the Prokhorov metric (cf. [10], e.g.). Let us recall now its definition 
and some of its properties. 

Definition 1.1 (Prokhorov metric). Let P and Q be two probability 
measures on R rf . The Prokhorov metric T1(P,Q) between P and Q is the 
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following quantity: 

n(P, Q) := mile > : sup(P(P) - Q(B e )) < e) , 

where B is the Borel u-algebra on R rf and where we denote by B £ the e-open 
neighborhood of B. 

Let us recall the link between the Prokhorov metric for the probability 
measures on P d and the Ky Fan metric for the Revalued random variables 
defined on the same probability space. 

Definition 1.2 (Ky Fan metric). Let X and Y be two Revalued ran- 
dom variables defined on the same probability space (P,T, P). The Ky Fan 
metric (associated to | • |oo) between X and Y is given by 

K(X, Y) := inf{e > : P(\X - Y\^ >e)<e}. 

Proposition 1.3. Let P and Q be two Borel probability measures on 
R d . The Prokhorov metric U(P,Q) between P and Q is the infimum of 
the Ky Fan metric between X and Y, where (X,Y) describes the set of 
couples of random variables defined on the same probability space such that 
the distribution of X is P and such that the distribution ofY is Q. 

Another classical metric between probability measures on R d is the BL 
metric (BL for bounded Lipschitz) defined as follows: 

Definition 1.4. Let P and Q be two probability measures on R d . The 
BL metric between P and Q is the following quantity: 



BL(P,Q) :=sup|- 



R d — > R, UWoo + LaK+oo}, 



+ L 4> 

\<t>(x)-<f>(y)\ 



where we denote H^H^ = sup xgR d \(f>(x)\ and L$ := sup x ^ y \ x _y\ c 

These two metrics are metrics for the weak convergence for probability 
measures (which corresponds to the convergence in distribution for random 
variables). Moreover, we have the following (cf., e.g., [24], Proposition 1.2 
and [10], Problem 11.3.5): 

Proposition 1.5 (Equivalence of these metrics). Let P and Q be two 
Borel probability measures on K d . We have 



■> 



\BL{P, Q) < n(P, Q) < {\BL{P, Q)f . 

In the following, we will essentially be interested in questions of speed of 
convergence in terms of Prokhorov metric. But, we will also talk about BL 
metric. 
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1.3. Notation. Let A and B be any vectors in R . Let us denote by 
T A the line vector, transposed to A. Let us denote by A (g> B the square 
(i-dimensional matrix given by A ® B := A ■ ^B and we write A® 2 := A <g) A. 

Let a probability space {£l,J-,v) and a real number p > 1 be given. We 
denote by L p ($7,R rf ) the set of measurable functions f:Cl— ► R d such that 



/n l/ISo <*" < F o r any y in Z7(n,R<*), we denote ||/|| L p = (J n {f^ du) 1 ^ . 



For any probability space (Q,F, v), any measurable space (E,T) and any 
random variable X : f2 — ► £\ we denote by z^,(X) the image measure of v 
by X, that is, the probability measure defined on {E,T) by v*(X)(A) = 
v{X- l {A)) for any AeT. 

2. Ordinary central limit theorem. 

2.1. Introduction and result in the i.i.d. case. We are interested here in 
the question of the rate of convergence in the central limit theorem, that 
is, the question of the rate of convergence in distribution for sequences of 
random variables of the form (-^= Sfc=o ^fc)n>i to a normal random variable. 

For any A G R d and any d x d nonnegative symmetric matrix C, we denote 
by M{A, C) the normal distribution with mean A and with covariance matrix 
C (cf. [13], III-6, for the notion of normal distributions). 

For independent multidimensional variables, results of speed of conver- 
gence have been established by many authors under moment hypotheses. 
Let us mention the works of Bergstrm [3] , Sazanov [34] , Ranga Rao [30] and 
Bhattacharya [4] (for uniform estimates) and of Rotar [33] (for a nonuniform 
estimate). Let us give the following result coming from [39]. The proof of 
this result given by Yurinskii is based on a result linking Prokhorov metric 
with characteristic functions (cf. Proposition 2.6). 

Theorem 2.1. Let (Xfc)&>o be a sequence of R rf -random variables de- 
fined on a probability space (£l,J-, P). If these random variables are inde- 
pendent and identically distributed, P '-centered and admitting moments of 
the third order, then the sequence of random variables Sfc=o ^k)n>i 
converges in distribution to a random variable with {eventually degenerate) 
normal distribution AA(0, ELYi® 2 ]) and we have 



Moreover, this speed of convergence is optimal under these hypotheses 
[there exists such a sequence of random variables {X]A k for which the speed 
is exactly in -j=]- 
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Here we will consider random variables Xk which are maybe not indepen- 
dent but are stationary. More precisely, we will suppose that the random 
variables are given by X^ = f o T k with (Q, T ', v, T) as described before 
and with / : $7 — > R d any uniformly bounded rj- Holder continuous function. 

2.2. A rate of convergence in the central limit theorem. For any function 
/ : Q, — y H d and any integer n > 1, we define 

71-1 

Sn(/):=£/°T fc . 
fc=0 

First of all, let us notice that, under hypothesis (V r ), the following limit 
exists for any ^-centered, bounded r/-H61der continous function f H d : 



n J 



D(f):= lim E t 
and that we have 

(2) D(f) =E„[/ ® /] + ^(EUf ® / o T k ] +E4/oT fc 8 /]). 

k>l 

Theorem 2.2. We suppose that there exists some r > 1 /or which Prop- 
erty (V r ) is satisfied. Let f : — > R rf fre a u-centered, bounded rj-Holder con- 
tinous function. If the matrix D(f) is nondegenerate, then the sequence of 
random variables ( ^ ; ) n>0 converges in distribution to a d-dimensional 
random variable with normal distribution M(0,D(f)) and we have 

(3) Va>0, n n (/) := u( ^ f-L<? n (/) W(0, D(f))) =0(n~ l ' 2+a ). 



n 



Let us make some comments about the case in which the asymptotic 
covariance D(f) is degenerate. By a classical argument (cf., e.g., Lemma 2.2 
of [7]), we have the following result: 

Proposition 2.3. Let us suppose that there exists a real number r > 1 
for which Property (V r ) is satisfied. If g:0,^H is a ^-centered, bounded 
i]-Hdlder continuous function such that D(g) = 0, then g is a coboundary 
in L 2 , that is, there exists a v- centered square integrable function h : O — > R 
such that we have g = h — hoT almost surely. 

If / : Q — > R d is a ^-centered, bounded yy-Holder continuous function, then 
there exists an orthogonal matrix A £ O^(R) such that the matrix D(A- f) = 
A ■ D(f) ■ T A is diagonal with diagonal terms a\ > ai > • • • > a^. Let us 
suppose now that the matrix D(f) is degenerate. It is natural to ask if, 
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in that case, estimate (3) is still true. Because of the equivalence of norms 
in finite dimension, estimate (3) will be true for / if and only if it is true 
for the function g defined by g := A ■ f. Let r be the rank of the matrix 
D(f) and gi,...,gd be the coordinate functions of g. Coefficients a±, . . . ,a r 
are nonnull positive and coefficients a r +i, • • • , ctrf are null. We can therefore 
apply Theorem 2.2 to the function (gi, ■ ■ ■ ,g r ) '■ ^ — ► R r and, consequently, 
to the function G = (gi, . . . ,g r , 0, . . . ,0) : Q — > R d . Hence, we have g = G + 
H with D(H) = 0. Then, according to the previous proposition applied to 
the coordinate functions of H , there exists a ^-centered square integrable 
function h : Q — ► R d such that we have g = G + h — h o T almost surely. 
Therefore, for any integer n > 1, we have 

1 a I \ S n (G) + B n 

=£>n{g) = 7= , 

n Jn 



where (B n := h — ho T n ) n is a sequence of random variables bounded in L 2 
and with 

Va>0, u(uJ^j=S n (G)),Af(0,D(g))) = 0{rT 1 ^ a ). 



Remark 2.4. If the sequence of random variables (B n ) n is bounded in 
LP (for some p > 1), then we have (according to Markov's inequality) 



S n {G)+B n S n (G)\ ^ su Pm \\B m \\% {p+1) 



- < 



and therefore, according to Theorem 2.2, 
1 



n p/(2(p+l)) 



n uA -=5„(/) , AA(0, D(f)) = 0(n 



-p/(2(p+l)h 



If {B n ) n is bounded in LP for all real number p > 1, then we have 



Va>0, 



S n (G) + B n S n (G) 



n 



ir 



0(n 



and therefore, according to Theorem 2.2, 

Va>0, Il(y* (^=S n (f)^M0, £>(/))) =0(n" 1 /2+«). 

If (B n ) n is bounded in L , then for any bounded Lipschitz continuous func- 
tion : R rf — ► R, we have 



E„ 



S n (G)+B n 



n 



5„(G) 



su Pm ll-^mlli 1 



■;?. 



and therefore, according to Theorem 2.2 

1 



Va>0, BL i/ t 



S n (/) ,Af(0, £>(/)) =0(n 



-l/2+a> 
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Consequence 2.5 (Case eventually degenerate). Let us suppose that 
there exists a real number r > 1 such that Property (V r ) is satisfied. Let 
f-.Q—y R rf be a ^-centered, bounded ^-Holder continuous function. Then, 
we have 



n 



-^S n (f)),Af(0,D(f)) 
n 



and 



Va>0, 



BL 



— 5 n (/)),AA(0, D(f)) 



0(n 



-1/2+cn 



2.3. Proof. In this section, we prove Theorem 2.2. This proof is inspired 
by [29]. It uses a method developped by Jan in another context (cf. [18, 19]). 
In order to estimate the speed of convergence in terms of the Prokhorov 
metric, we will use the following result: 

Proposition 2.6 ([39]). LetQ be a normal (nondegenerate) d-dimensio- 
nal distribution. There exist two real numbers cq > and T > such that, 
for any real number U > and for any Borel probability measure P on H d 
admitting moments of order \_d/2\ +1, we have 

n(P,Q) 



< c 



l + r 

u 



dt h 



(<pp - vq)(*) 



1/2-, 



dt 



+ [ E E 

\J\t\oo<U k=Q {jl! ...J k}e{1> ... >d} k 

where we denote by (pp and ipQ the characteristic functions of the distribu- 
tions P and Q, respectively: 

Vt£R d pp(t) = Bp[e 1 ^] and <p Q (t) = E Q [e^->], 

with (•,•) the usual scalar product on H d . 

This result links the speed of convergence in terms of the Prokhorov metric 
with a problem of estimation of the characteristic functions. It will play the 
same role in our proofs as the one played by the Esseen lemma in the proof 
of unidimensional central limit theorems established in [19, 29]. 

Let us suppose that the hypotheses of Theorem 2.2 are satisfied. Let us 
consider a real number ro > 1 such that Property ("P ro ) is satisfied. Let us 
suppose that the matrix D(f) is nondegenerate. For any t £ H d and any 
integer n > 1 , we define 



h n (f,t):=B h 



exp 



exp 



(t,D(f)t) 
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The remainder of this section is essentially devoted to the proof of the fol- 
lowing result. Let a real number a G]0; \ \ be given. 

Proposition 2.7. For any integer p > 0, there exist a real number 
L p = L PtCt > and a nonnegative functions sequence (a n ,p,a)n>i satisfying 
the following: 

([ i (a n>Pta (t)) 2 dt) =O n ^ +OQ (- 

and such that, for any integer n > 1 and any t G R d satisfying |t|oo < n l / 2 ~ a , 
we have 

M/2J + 1 Qk uip 



(4) E E 

fc=o l<ji,...J fe < 



dt h ---dt 



-hn(f,t) 



J l: 



- L P~p(l/2-a) + a n,p,a{t)- 



n 



Proof of Proposition 2.7. Let us prove inductively on p that the 
following Property (Tip) is satisfied for all integer p > 0. □ 

Property (TC p ). For any real number (3 > 0, there exist a real number 
Lp, a ,f3 > and a sequence (a n ,p,a,/3('))n of nonnegative uniformly bounded 
functions (a n , P ,a„fl)n>i satisfying 

limsupn 1/2 - Q / {l + \t\^){a ni p ia>f3 {t)) 2 dt) < +oo 

n-»+oo \J\t\ ac <n 1 / 2 -°' / 

and such that, for any integer n>l and any t G R d satisfying |i|oo < re 1 / 2 "", 



M/2J+1 

E E 

fc=0 l<ii,...j fc <d 



3* 



dtj 1 ■ ■ - dt 



-h n (f,t) 



3k 



l + \t 



P' a >P n p(l/2-^) + a n,p,a,f3(t). 



Let us first notice that, under Property (Vr), for any bounded Holder 
continuous function / : — > R d , the sequence of random variables { Sr ^ )n>i 
is uniformly bounded in L p for any real number p > 1 (see Lemma 2.3.4 of 
[28]). Consequently, derivatives of order less than [_f J +1 of functions h n (f, •) 
are uniformly bounded by some constant C > 0. Therefore Property (7io) is 
satisfied (by taking L 0jCe ^ = d d l 2+2 C and a n fi y0l ^{t) = 0). 

Let us now consider an integer p > 0. Let us suppose that (Tt p ) is satisfied 
and let us show that (TC p+ i) is then also satisfied. Let us notice that, since 
matrix D(f) is nondegenerate, there exist two real numbers Co > and c\ > 
such that, for every u G R rf , we have 

co ML < (u,D(f)u) < ciML 
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Let a real number j3 > be fixed. There exists an integer no > 1 such that, for 
all u G R d satisfying |u|oo < no _Q , we have (u,D(f)u) < 1 (e.g., any integer 
satisfying no > ci 1 ^ 2 ^ is suitable). In the following, n will be a nonnegative 
integer and t a point in R d satisfying n > no and |i|oo < n 1 / 2- ". We will 
then have 1 — fe^Q^ > i > 0. The notation O will only depend on p, a, 
(3 and /; for example, the notation g n ^ = 0(k nt t) means that there exists a 
real number C > such that, for any integer n > 1 and any t G R d satisfying 
|i|oo < n l / 2 ~ a , we have |g nj (| < C • |& n ,t|- We will split h n (f,t) in pieces that 
we will estimate separately: h n (f,t) =J2i=iHi(t,n). 

Part 1. We start by estimating the following quantity: 



(5) 



Hi(t,n) := 1 



(t,D(f)t) y 
2n J 



exp 



(t,D(f)t) \ 



We will show that we have 

|d/2j+l 

E E 

k=0 l<h 



(6) 



Hi(t,n) 



O 



1 + |t|^ +10)/2 



n 



exp -_( f) D(/)t) l 



d + 4 
2n 



This term will contribute to the am P +i, a ,/3 term in (4) (for p + 1 instead of 
p). Let us notice that we have 



\Hi(t,n)\ <ci 



Ifl 4 

2 Hop 
8n 



exp 



1 

1 - - 

n 



Let us now fix an integer A; G {1, . . . , |_f J + 1} and k indices j±, . . . ,jk belong- 
ing to {1, . . . , d} . In the following, we will denote by Qk the set of partitions 
A = {Ai, . . . , A m } of {1, ... , k} in nonempty subsets. Let us notice that, for 
any C fc -regular function b : R d — > R, we have 



dt h 



E 



g n (A,b){t), 



.4={.4i,...,.4 m }eQ fe 



with 



(7) 



g n (A,b)(t) 



HA = {Ai, . 
sider that b ■ 




. , A m } with Ap := {4 p) , . . . , l^' Ap } . In the following, we will con- 
l-U;D(f)-) or b = exp{-i(-, P D(/)-)}. Let A = {A\, . . . , A m } G 



Ap) 



12 



F. PENE 



Qk- We denote by mo(A) the number of Ai 6 A which contains only one 
point. Then, we have 2m < mo(A) + k. Indeed, we have 

m 

k = ^2 #A> > m (A) + 2(m - m (-4.)) = 2m - m {A). 
P =l 

(i) Let us suppose that 2m < mo(A) + fc. Using the fact that (t^-6)(-^=) = 

O(^fe) and that the derivatives of order at least 2 of b taken in -4= are 
bounded, we establish the following estimate: 



\g n (A,b)(t)\ <n m exp 



n — m 
2n 



{t,D(f)t)\0 



m (A) 



O ( n m ~ ( m ° (- 4 ) +fc )/ 2 \t\ m ° ^ 



exp 



1 



<*.£>(/)*>! 



-fc/2 



O^-^IC^expj-^t,^^)^ 



m 
n 



(ii) Let us suppose now that 2m = mo(A) + A;. Then each Ai contains at 
most two points and we show that we have 



g n \A,i 



O 



(;D(f» 



-i , i + im (^)+4 
r ~r \o\oo 



11 



exp{-i(i, D(f)t)(l 



m + 1 



?? 



Effectively, let us notice that we have 



_d_ 



and we have 



<■,£(/)•} 



exp 



1 



i=i 



u 



exp 



2n 



rt\ n 



(t,D(f)t)Y 



2n 



exp 



n — m 
2n 



O 



CO 



■ exp 



1 



by using formulae \a 

\e~ u - 

d 2 



n 

—m un—m\ 



(t,D(f)t) 1 



<*>£>(/)*) 



m + 1 



1 — u\ < Moreover, we have 



Of 



< (n — m) max(|a|, \b\) n m 1 \a — b\ and 
ive 
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D(/)^(exp|-i-(t,^(/)t)|-l 



n 



Moreover, we recall that, for b = 1 -§(■, £>(/)•) or 6 = exp{-(l/2)(-, £>(/)•)}, 
we have (^~&)(^) = 0(~Jff) an d that the derivatives of order at least 2 of 
b taken in -4= are bounded. 

Therefore, according to (7), the previous estimates and 

m m m f j— 1 \ / m \ 

n^-n^=E n 6 * n a 0' 

i=o j=o j=o \fc=o / v=i+i / 

we get 



5n (A 1 



<■,£(/)•} 



-^<-,-D(/)- 



(*) 



m (A)+2 



+ 



t 



m (A)+A 



xexp|-i(t, £>(/)*} fl 



o(-4)+2 
m + 1 



n fc/2 



O n 



-i , | + |«io(.A)+4 
r t |i oo 



;<*, D(f)t) 1 



and we have 2m = mo (A) + fc. 

Part 2. Hence, we have to study the quantity 



m + 1 



n fc/2 



cxp 



i(*,Sn(/)) V 
J 



2n ) 



which we split as follows: 



n— 1 / 

(8) i> n (t)=x;(i 

z=o v 

with 



2n 



Y := exp 



E„ 



i(t,f) 



Y o T • exp 



i(t, S n -(i + i)(f)) 



oT 



i+i 



n 



1 (t,D(f)t) \ 
2n 



Part 3. Let us fix M :=p + 3. Let us consider the nonnegative integers 
ai(n), . . . , om(i) given by the formulae 

Ln(re) 



ai := 



ln(<5 ; 



'■0 - 
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(r - l)(ai H \-aj-i) 



\ n (n(d+5+l3)/2p ro (n)) 



j = 1, . . . , M, we have aj < 
for any real number 9 > 0. 
Pari 4. Let us define 



/2 



where P ro and <5 ro are, respectively, a polynomial function and a real number 
as in Property (P ro )- Let us write Aq := and A,- := Sfc=i °j- We notice that 
there exists a real number k > such that, for any integer n > 1 and any 

Therefore, we have cti + • • • + aj\j = 0(n ) 

(t,D(f)t)y 

i(t,S n -(i +1) (f)) \ p , 



(9) 



H 2 (t,n):= E 

n— Kn a / 2 <Kn— 1 



2» 



y • exp 



Let us prove that we have 

M/2J+1 

E E 

k=0 il,-Jfe=l, 



-F 2 (t,n; 



(10) 



O n a/ 



a/2 (1 + 1* 



(d+4)/2 



x exp 



l-ct/2 



d + 2 
2n 



This term will contribute to the an,p+i,a,/3 term in (4) (for p + 1 instead 
of p) . Let us consider an integer I satisfying n — ftn a / 2 < I < n — 1 and an 
integer k > and A; indices ji, . . . in {1, . . . ,d}. First, let us notice that 
we have 

Qk 



■ exp 



i(t,S n _( l+1) {f)} 



_ i k I\p=i S n -(l+i)(fj P 



n 



k/2 



■ exp 



i(t, S n _ {l+1) (f)) 



n 



0(1) 



since we have n — (I + 1) < nn a ^ 2 and < a < i. Second, we have 



dtj 1 ■ ■ ■ dt 



-Y = 



J l: 



1 + 1*1 



Indeed, Y is in O(^S-) and derivatives of t \— > exp{^=^} are in 0(-^ 



i(t,f) - 



Moreover, derivatives of first order of 1 1 — > 1 



(tMf)t) 
2n 



are in 0( 



Wr- 



its 
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derivatives of order 2 are in O(^), its derivatives of order at least 3 are null. 
Now, let us show that we have 

<)t ,,..■<), ,\ —) -OMW* 

with 

min(Ld/2j+l,0 , |m 

m=0 

(12) 



xexp|-^(t,£>(/)t)(Z-m)}, 



[with the convention I (I — m+ 1) = 1 if m = 0]. Estimation (11) holds 

for k = (since |1 — u\ < e _u for any real number u£ [0; 1]). Let us suppose 
now k > 1. Since derivatives of order at least 3 of i i— > 1 — ^'^[f^ are null, 
we have 

d k / (i, D(/)t) V 



<% • • • V 2?i 



1 {;D(f)-)/2)\ ( t \ 1 



X 



p=l \ A(w / x v 7 

where we denote by the set of partitions A = {A±, . ■ ■ , *4 m } of {1, ... , fc} 
in subsets of at most two points. Let us consider such a partition A = 
{Ai, ■ ■ ■ ,A m } £ J3k- If m > Z + 1, then we have 

« 

fj( 9^(l-(;D{f)m \f t \ 1 

1 #.A P 

Let us suppose now that m <l. Since we have 2m = mo(A) + k, we get 
l\ f i (t,D(f)t) \ l - m d#^(l - (;D(fy)/2)\ f t \ 1 



(l-m)l\ 2n J U\ dtj ■■■dt j JK^Jn*/ 2 

< gj A (t,D(f)t ) sl 
~ (l-m)\ \ 2n 
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f dsup jtj ,\D(f) jtj ,\-\t\ O0 \ m °M{ sm-moW ! 

{ J hvWkrl) ^ 



Hence, we have proved (11). Let us prove now that we have 



3,3' 

3,3' 



n-l 

n 



(13) EM*) = °( min 

1=0 

We have 



loo 



min(|d/2j+l,0 

b n ,i(t)= b n ,i,m(t), 

m=0 



with 



b„,i >m (t) :=l (!-m+ l)^LiJso expj-— (t, D(f)t)(l - m) j. 



We have 

n-l |d/2j+ln-l 

EM*) = E EW(*)- 

i=0 m=0 i=m 

Let us consider an integer m < Lf J + 1. If |t|oo < 1, then we have 
n-l n-l ™ ^ -, 

E ^ 2 E exp {"^' w )*>(' - 77 

l=m l=m 

If |i|oo > 1, then we have 
n— 1 Ti— 1 



E b nUn(t) <^J2 l V ~ m + eX p{ W)*>(* " ™) } 

\=m l=m 

< E 1 (l-m + 1) exp{-i- C0 |t|L(/ - m)} 



l>m 

\t\ m 

< 2 



m 

OG 



n m (1 -exp{-(l/2n)c |t|^}) m+1 



<2 ^S m! 

" n m (exp{-co/2}(l/2n)c |t| 

<2 Mg m!(2nr+ 1 
" n™ (exp{-co/2}c |t|2 ) m + 1 
n \ f n 



2 \m+l 
ooJ 



m+2 J ^ \ U|2 

oo / \rloo 
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Part 5. For each nonnegative integer / satisfying n — (I + 1) > |"kii q / 2 ] , 
we use the following decomposition of S n _n + i\(f): 

(14) 5 n _ (J+1) (/) = (^2S aj (f)oT A i-^J +S Mnd (f)oT A *', 



with M n i :=n — (I + 1) — ^4m- Let us define 



Ff ] := exp 



»\*,S«j(/)> | 
n J 



and G« := exp{!M^l| 



We have 



v ^ f i(t,5 n _ (m) (/)) ) 

r o T • exp< )=- L > 

n J 



,T i+1 



We start by estimating the following quantity: 

M 

h 3 (t,n,l) :=B U 



y • if) o t\J[(fP o r 1+ ^-i - i)J gW o t 1 - 



Let us show that we have 
|d/2j+l 

E E 

fc=0 ji,...j'fc=l,. 



• • • 5t 



■h 3 (t,n,l) 



jk 



O 



O 



l + \t\ 00 /'l + \t 



Af-1 



OO / I | "| oo 

n Vn( 1 - Q )/ 2 

1 4. If IP+3 
1 ' Hoc 

n . n ((l-o)/2)(p+2) y ■ 



Effectively, for all k = 0, . . . , |_|J + 1 and all indices ji, . . . , jk £ {1, . . . , d}, we 



have 



dt h ■ ■ ■ dt ]k 



-Y = Q 



1 + 1*1 



and 



fJ° -1 = 



|*|oo 
n (l-a)/2 



and 



and 



dt h ■ ■ ■ <% 



F?> = O(l) 



5 *ii • • • dt j k 



1 



(l-a)/2 



and 



dt h ■ ■ ■ dt jk 



Oil), 
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by using \e lu — 1| < \u\ and aj < Kn a / 2 and the fact that ( ^"/^ - )n>l i s un i~ 
formly bounded in L p , for all p E [1, +00 [. Let us define 



#3(*,«) 



n-LrerW 2 J-l 

E 

«=0 



2n J /l3(t ' n '°- 



According to (11) and (13) we have 



(15) 



|d/2J+l 

E E 

k=0 ji,...,j k =l,...,d 



dt h ■ ■ ■ dtj 



H 3 (t,n) 



jk 



O 



O 



l + \t 



(p+l-a(p+2))/2 ; 



n 



n 



1 _i_ \f |p+i 
1 3! I loo 

(l/2-a)(p+l) 



This term will contribute to the first term of estimate (4) (for p+1 instead 
of p). 

Part 6. (Heart of the proof.) It remains to estimate the following term: 



-|kW 2 J-1 



E 



(t,D(f)t) 
2n 

x E ^ 

e— (ei,...,£ m ) 



Y(j[ £j oT l+A ^G^oT 1+ ' 



the second sum being taken over the set of e = (ei, . . . ,£m) £ j=i { — lj 
with £\ := and with at least one Sj equal to —1. Let an integer / = 0, 
... ,n— |"k)i q / 2 ] — 1 and such a vector e = (ei, . . . ,£m) be given. We define 
jo := max{j > 2 : e,- = — 1}. Then we define 

io-i 

D l>£ (n,t) :=Y J] ^-oT'H'-i 
i=i 



and 



Ei, e (n,t) :=exp<{ — (t,S n _ {l+1 y A (f)) \. 



n 



Therefore, we have 

M 



e„ y^n ej -or 1+ ^-^G« or i+A« = - E ,[D i , e ( n ,f)-i? i , e ( n ,f)or 1 H- 
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First step: control of Cov v (D^ e (n,t),Ei te (n,t) o T 1+Aj o). Let us prove 
that, for all k = 0, . . . , + 1 and all ji, . . . , jk € {1, • • ■ we have 



(16) 



Qk 

■Cov v (A, e (M)A(M)°T 1+A *>) 



8t h ■ ■ ■ dt jt 



O 



1 + 1*1 



n (d+3+/3)/2 / • 



We will use Property (V ro ). Let us notice that the functions Di >e (n,t) and 
Ei e (n,t) are of the following form: 

^o-i n-(l+l)-A JQ -l 

D l , E (n,t)=Y ' ' aj oTi and E^(n,t) = exp ^ Up 

i=i 3=0 1 ^ n J 

for some Oj E {1, — l,exp{ ^%0- }}. First, let us explain how we get (16) when 
k = 0. Let us notice that Y is in 0(^=) and is 77-Hdlder continuous with 
Holder constant in Moreover, ||ct!j||oo = 1 and ctj are 77-Holder con- 

tinuous with Holder constant uniformly bounded in 0(~Jj=-). Therefore, ac- 
cording to Property (V ro ), we get 



Cov u (Di Jn,t), Ei E (n,t) o T 



Jo 



I %+nof%) ) Prn (n-(l + l)- A in )5 rn 1+A >o-roA jo - 



^Pr (n-(l + l)-A j0 )Sj 



'n V \jn 

<0(\t\^)P ro (n)5 T0 l+A ^- roA ^ 

<0(|*|ooV^)- 



' n (d+4+/3)/2 ' 

according to the fact that 

1 



P ro (n)5 ro 1+A jo- r ° A m-i < 



^oV'Vro - n (d+4+/3)/2 ' 

(see the definition of a J0 ). Let us suppose now k > 1. The partial derivatives 
of y relative to i are in 0(i±l*h) and are 77-Holder continuous with Holder 

constant in 0( 1 +^°° ). Moreover, the partial derivatives of ay relative to i 
are uniformly bounded in 0(-^=) and are yy-Holder continuous with Holder 

constant in Q( ). Therefore, the derivative of order fc' > 1 of nf=i _1 a j 



T J is a sum of (A, „i) terms of the following form: Llj=V Pj T 3 , where 
(3j is equal to cij or to some derivative of ay and with at least one f3j equal 
to some derivative of ctj. Therefore, according to Property (V ro ), for all 
integers k± > 1 and &2 > 1 such that k\ + k2 = k, and alHi, . . . , , j±, . . . , jk 2 
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in {1, ... , d}, we have 
d kl 



Cov, 



dt h ■ ■ ■ dt lk 



-Di, E (n,t), 



Qk 2 



1 

1 + 



<% • • • dt jk2 



Ei, £ (n,t) oT 



l+Ai 



oo , 1 \t\oo 
h n- 



n 



n 



< 0((1 + Itloo)^)^.//^ 1 ^^^)^ 1 ^-^^-!. 

We conclude by using the facts that P ro (n)5 ro 1+Aj o~ r ° A n- 1 < (d+5 1 +;S) y 2 
t licit ^4.j'q — i is in 0(ln(n)) (see the definition of a,). 
We define 



and 



(17) 



z=o ^ 



2ra 7 



x Yl Cov v (D lj£ (n,t),E ltE (n,t)oT 1+A io). 

e=(ei,...,e A /) 



According to the preceding and (11) and (13) we have 



|d/2J+l 

(is) E E 

* 11 Ji,...J fc 6{l,...,d} 



dt h • • • dt h 



O 



1 



n (d+l+/3)/2 J ■ 



This term will contribute to the a n ,p+l,a,/3 term in (4) (for p + 1 instead of 
p). It remains to estimate the derivatives of the following quantity: 



n-[Kn a / 2 \-l 



H 5 (t,n):= E 1 



(19) 



1=0 



2ra 7 



E E,[A, £ (n,t)]E,[^(n,t)oT 1 - 

£=(£!,..., Ejvf) 



Second step: control of the expectation of Di e (n,t) . Let us show that we 
have 



sup 



|d/2j+l 

E E 



(20) 



/=0,...,n-LKn"/ 2 J-le=(ei,...,£m) fc=0 y, , , , {] ,/j 



B v [D, e (n,t)] 



O 



1 + 



n ■ n 



l-a 
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Let us denote by J the following set: 

J:={j = l,...,j -l:e j = ff ) }. 

Let us recall that 1 belongs to J . In the following, we denote Sj(g) := 
E jeJ S aj (9) o Ti+^-i = Ejej ££U_ 1+ i 5 ° T k . We have 



|E v [A )£ (n,t)]| 



E,, 
E, 



Y-exp\^=(t,Sj(f)) 



exp 



*<*,/> 



1 + 



(t,D(f)t) 
2n 



exp — (t,Sj(f)) 
n 



Case k = 0. With the use of Taylor's formulae of order 2 and 1 for e m , 
we get 



\E v [D lte (n,t) 



E„ 



+ 



i(t,f) , 1 



■y/n 2ra 



+ -«*,d(/)*> - (tjy) i + -=(t,sjtf)) 



n 



\t\ln a 



3/2 



^E„[<i,£>(/)t> - (t,/) 2 - 2{t,f)(t,Sj(f))] 



+ o 



\t\ 3 ocn a 



n 



3/2 



1 



2ra 
+ 



(t, (£>(/) - E,[/® 2 ] - E„[/ ® S^/)] - E^/) <g> /])t) 



3/2 



/ 



n- 



3/2 



o 



1 + 1*1 



nn 



l-a 



Term in 0(^ e -) comes from (2) and from the fact that ~E u [fj.fj' oT k ] con- 
verges to exponentially fast as k goes to infinity [this is a consequence of 
Property (V ro )]. Effectively, since 1 is in J , we have 



(21) 



sAf) = Y,f°T k + E f° Tk '> 

k=l k'>ai+l,k'eC 



for some set of integers C, and we have (S ro ) ai < — . 

Case A; > 3. Let us recall that we have: 
• Y = exp{^}-l + ^D(f)t) = 0(^); 
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. for any j G {1, . . . ,d}, £-Y = $exp{^} + ^ • £>(/) • t = + 

™ 2 -) ) where e,- is the jth vector of the canonical basis of R d ; 
. for all j J £{!,..., d}, = - Mi exp{«} + = 0(±); 

• for any integer m > 3 and any (j l5 . . . , j m ) in {1, ... , d} m , 



d r > 



dt jl ■ ■ ■ dt jr 



-Y = e 



n 



m/2 



exp 



i(t,f) 



n 



O 



1 



n 



m/2 p 



for any integer m > and any (ji, . . . ,j m ) in {1, ... , d} r 

gm 



dt h ---dt jr 



■exp{-^(t, %(/))} 



.71 • 



77 



Jtn i 



n 



exp\—(t,Sj(f)) 



n 



is in 0(- 



l 

m(l/2-a/3) 



), according to the fact that aj = 0(n a / 3 ). 



Hence, for any integer k > 3 and any (ji, . . . ,jf.) in {1, ... , d} k , we have 



dt h ■ ■ ■ dt jk 



E v [D lt£ (n,t)]=o(±±%; 



Case k = l. Let j € {1, . . . , d} be given. We have 



_d_ 



E u [D liE (n,t)] 



E, 



Y exp \—( t ,Sj(f)) 



n 



d_ 

dtj 



exp J 



J? 



exp 



?7, I n 



+ - T e rJ D(/)-t)exp^— 



»<*,/> 



n 

iSM) 



J V n 



xexp — (t,Sj(f)) 
In 



+ E 

+ 



fi + sj{fi) 



n 



exp {-= (t,f + Sj(f)) 



n 



7? 



7? 



exp|-J=(t,^(/))| 



oo 



7271 



1-a 
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Jj+Sjifj) 



n 



l + —(t,f + Sj(J)) 



n 



E, 



n 



l + —(t,Sj(f)) 



n 



+ 



r ej ■ D(f) ■ t 



+ o 



n 



oo 



nn 



l-a 



n 



vA(fj+Sj(fMtJ + Sj(f))} 



+ ^[Sjitfb sAf))] + Tej - D{fyt + o(-^ 

n n y^/nn 1 a 

- T ej(D(f) - B u [f® 2 ] - E„[/ ® 5^(7)] - E,[5 >7 (/) f])t 
n 



nn 



n- 



oo 



nn 



l-a 



Term in O(-^r) comes from (2) and (21) and from the fact that ~E u [fj.fj 
T k ] converges to exponentially fast as k goes to infinity. 



Case k = 2. Let j\ and j'2 be in {1, . . . , d}. We have 



o 2 



E 



B u [D lt£ (n,t)] 
2 



Y- 



eM—(t,Sj(f)) 



+ E„ 

+ E„ 

+ E„ 



^-y)ex P {A ( ,^ (/)) 



-( K r j,Sj { f L ,i E^sjij)) iv./;,,./;,/ • 



o 



li- 



nn 



+ o 



l-a 



f 1 + 1*1 



2 

oo 



, 1 + IC 



nn 



l-a 
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Third step: control of the expectation of Ei j£ (n,t). We define 

n ' = n 'n,Le '■= n ~ ( l + 1) - A jo and *' = *n,2,e : = *1 

We take j3' := + d + 8. According to the inductive hypothesis (Hp) applied 
to (n' , t'), we have 



[d/2j+l 

E E 

k=0 jx,...,j k =l,...,a 



k 



dth---dt jk 



E„[£, e (n,t)] 



exp 



(t,D(f)t) ( x 



v 



^ j 1 + 1^ loo , f.l\ 

- L P^P' n /p(l/2-a) + a n',P,a,P>{t ). 



Hence, since Aj < nn a , we have 



|d/2j+l 

E E 

k=0 ji,...,j k =l,...,d 



dt h ■ ■ ■ dt jk 



E v [E, B (n,t)] 



(22) 



< 



o((i + ie+V* P {-^(i-^-^ 

i j 1 + 1^ loo /./\ 

+ Lp,a,f3> ip (i/ 2 ~a) + a n' ,p,a,f3> [t )■ 



Part 7. (Conclusion.) To finish the proof of Proposition 2.7, we deduce 
from the preceding an estimate of the following quantity: 



(23) 



|d/2j+l 

E E 

k=0 ji,...,j k =l,...,d 



dt h ■ ■ ■ <% 



H 5 (t,n) 



where we denote by H§ the quantity introduced in (19). According to (11), 
(20) and (22), we have 



|d/2j + l 

E E 

k=0 ji,...,j k =l,...,d 
n-Lftn Q / 2 J-l 



k 



dt h ■ ■ ■ dt jk 



H 5 (t,n) 



x f(l + |C /2+1 )exp 



(t,D(f)t) 



l + l 



n n 



l-a 
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Let us now estimate each term of the right-hand side part of this inequality. 
We will use (13) in (b) and (c). In (a) and (d)-(f), we use the fact that 

M*) is in °((! + |t|^ /2J+1 )exp{-^(t,D(/)t)(/ - | - 1)}). 
(a) We have 

n-\_Kn a / 2 \-l 



g " M*)(^b)(i+i^ 2+1 : 



x exp 



(*,£(/)*) A Z + l 



,,- i+i^i^ 5 r (t,D(j)t)(, d+4 



li+5 
loo 

n l/2-a ^\ 2 V" n 1 " 2n 



)})■ 



(b) We have 



„-L«n-/ a J-l / 1 + m 3 s 



E M*) 
Z=0 

n-[K,n a / 2 \-l 



CO \ I" loo 



u n,lK b ) \ . AT^I-q ) p (1/2-q) - ^ I „(p+l)(l/2-a) 



1=0 



(c) Let us notice that if I < [§J — [~/cra a ] — 1, then we have n' > ^, from 



which we get 

|n/2j-[>en 0, "]--l 



n /p(l/2-a) 



oni+jjkl „' , nm inri, 1 



rm 1 



nP(i/a-«) V ' lil 2 



OO 



V n 1 / 2 "" / raP(V2-cO y ~ ^ n (p+l)(l/2-a) 



(d) We have 

n-[ftn a / 2 J-l 

E MO 

l=\n/2\-\Kn al \ 



l + l^ /2J+ \ f (t,D(f)t)fn „ d 



ii. raexp^- ^' w// --Kn Q -2 1 



26 F. PENE 

^ 1 + 1^ /2J+4 f (t,D(f)t)fl K d + 6 



(e) We have 

,L«/2j-r««-l-i /i+ma v \ 2 \V2 

- (tt.^ (1+w '- ) 



/Ln/2j-r K n«l-l 

o £ /, (i + ld 



£5 V^|t|oo<nl/2 



o f-pA— E (/ a + |tU +8+/3 ) 



1 + 



Ld/2j+4. .2 xl/2 



/ \ Y 

O'n 1 ,p,a,/3' 



X 1/2N 

X (an',p,a,P'(t )) eft 



■of™ E (i + K'& 8+ " 



^ VJ|i'|oc<™' 1/2 - Q 

x l/2> 
n\2j,/ x 



x (a n ', P ,a,i3'{t )) 



„2(l/2-a) J ~\ n \/2-aJi 

since Z < |_§J - fwn"] — 1 implies n' > S. 

(f ) Using the fact that (a mjPjQ , 5j g') m is uniformly bounded, we have 



E M*)( /- i- a )an',p,a,/3'(t') 

l=\n/2\-\nn^ VV 7 
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/ n-[nn a / 2 \-l 

ol E ex p 

\l=ln/2\-\K,n a ] 



11 



1-a 



d + 6 
2n 



l + |4 d/2j+4 
l-o 



nn 



d + 6 
2n 



i + it|L d/2J+4 



l/2-a 



Terms studied in (a) and (d)-(f) give contributions to the a niP _|_i iQj/ g term 
in (4) (for p+1 instead of p). Terms studied in (b) and (c) contribute to the 
first part of estimate (4) (for p + 1 instead of p) . 



Conclusion. Now we deduce Theorem 2.2 from Proposition 2.7. Let a 
real number a g]0; j[ and an integer p > 2 be given. Let us take U n>p := 
n (i/2- a )(i-(i+d/2)/(p+d/2))_ From p r0 p OS ition 2.7, we get 



[d/2}+l 

E E 

|t|oo<£7n,j> fc=Q j lv ..j fe =l 1 



9* 



■ at 



-K(f,t) 



.Ik 



1/2 



0„ 



1 



1/2-Q 



Finally, according to Yurinskii's result (recalled in Proposition 2.6 of this 
paper), we have 



0: 



1 



Vp>2 n n (/) = cv 



>+oo 



„(l/2-a)(l-(l+d/2)/(p+d/2)) 



3. Limit theorem with rate of convergence for the averaging method. 

We are interested in the asymptotic behavior of the error term between the 
solution of a differential equation perturbed by a transformation and the 
solution of the associated averaged differential equation. Results of conver- 
gence in distribution have been established in [20, 21, 28], for example. 



3.1. Averaging method for differential equation perturbed by a transforma- 
tion. In the following, we consider a (discrete-time) probability dynamical 
system (fi, T) . Let an integer d > 1 be given. Let F : R d x Q — > H d be a 
measurable function uniformly bounded and uniformly Lipschitz continuous 
in the first parameter. We denote by Lp its Lipschitz constant in the first 
parameter. 

For any e > and any (x,oj) in H d x Q, we consider the continuous so- 
lutions (xf(x,ui))t and (wt(x))t of the following differential equations (with 
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initial condition): 

(24) ViGR\eZ, < ^(x,uj) = F(x e t ( y x,uj),T [t/ei (uj)) and x £ (x,uj)=x 
and 

(25) —^(x)=F(wt(x))= [ F(wt(x),u') dutuj 1 ) and wq(x)=x. 

at Jo, 

Let us define the error term (ef(x,u))t as follows: 

(26) e £ (x,uj) := x £ (x,lj) — w t (x). 

Notation 3.1. Let a function g :~R d x Q ^ H d and an integer k > 1 be 
given. 

We denote by D\g the kth differential of g relative to the first parameter 
if it exists. Let us write Dig := D\g. 

The function g is said to be C^'* if g is measurable, uniformly bounded, 
C fc -regular m first parameter and if Dig, . . . , D\g are measurable and 
uniformly bounded. 

For any function h:~R d — > R d , we denote by D k h the kth differential of 
h, if it is well defined. We write Dh := D 1 h. 



We will make the following assumptions. 



Hypothesis 3.2. (i) The space f2 is endowed with a metric d, v is a 
Borel measure ( for the topology induced by d on 0) and there exists a real 
number rg > 1 such that the multiple decorrelation Property (V ro ) holds for 

(n,;F,i/,T). 

(ii) The function F : R d x!!-t is uniformly rj- Holder continuous in 
the second parameter. 

(iii) The function F : R d x U -► R d is C fe 2 ' *. 

We will denote by F the function given by 

F{x,w) :=F{x,uj) - F{x). 
According to the proof of Theorem 2.1.3 of [28], we have the following result. 



Theorem 3.3. Let a real number Tq > be given. Under Hypothesis 
3.2, for any integer L>1, we have 



sup sup sup 

0<e<la; e RdO<t<To 



e ?0*v) 



< +oo. 
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Moreover, for any x G H d , the family of processes ((ef (x, -))o<t<T )e>o con- 
verges in distribution [in (C([0, To]), || • ||oo) for measure u], when e goes to 
0, to the Gaussian process (e®(x, -))o<t<T solution of 

e° t (x,-)=v t (x,-) + f DF(w s {x))-e° s (x,-)ds, 
Jo 

where vt(x,-) is a Gaussian process with independent increments, centered 
and such that 

B[(v t (x,-)f 2 ]= f A(F( Ws (x),-))ds, 
Jo 

with A(g) := lim n _ +oc E,[(^M)® 2 ] = B v \g ® g] + E fe >i(E„[s ® g o T k ] + 

E w [go T k (%><?]), for any v-centered, bounded n-Hlder continuous function 
g-.n^K d . 

An analogous result has been established in [21] under hypotheses of mix- 
ing for sub-cr-algebras (cf. also [20]). 

3.2. Statement. 

Theorem 3.4. Let x G H d and a real number s > be given. Under 
Hypothesis 3.2, if D\F is uniformly n-Holder continuous in the second pa- 
rameter, then the following limit exists: 

El^limEjf^^ 

e-0 [\ y/e 

If, moreover, the matrixes A{F(w u {x), ■)) defined above are nondegenerate 
( for all u € [0; s]), then the family of random variables ( e "^2') ) £>0 converges 

in distribution to a random variable with normal distribution JV(0, Tip), and 
we have 

Va>0, n(^pM),^(O,£|0) =0{e 1 ' 2 ~ a ). 

3.3. Proof. Let us suppose s = 1 (this is not a restrictive hypothesis: it 
suffices to replace the function F by the function s ■ F). For any (x,u) G 
H d x Q and any real number e > 0, we define 

vf(x, u) := 4= /* (u,)) 



and 



: =^J o exp {/ ^K(^))^|T(w s (rr),TL s / £ J(cj))ds. 
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yf(x,uj) is solution of yf(x,oj) = v^(x,lo) + J DF(w s (x)) ■ y £ s {x,u)) ds. Our 
proof of Theorem 3.4 is based on the two following propositions (Propositions 

e £ (x ■) 

3.5 and 3.7). The following result shows how the study of ^ comes down 
to the study of yf(x, •). 



Proposition 3.5. Let a real number Tq > be given. Under Hypothe- 
sis 3.2, we have 



Vp € [1, +oo[, sup sup 

0<t<T x( zRd 



LP 



Oie 1 ' 4 ). 



If, moreover, function D\F is uniformly n-Holder continuous in the sec- 
ond variable, then we have 



VpG[l,+oo[, sup sup 
0<<<T xe Rd 



ef(av) 



LP 



Corollary 3.6. Under hypotheses of Theorem 3.4, we have 

,■)) =0(e 1 



Proof. This is a consequence of the second point of Proposition 3.5. 
Effectively, if X and Y are two Revalued random variables defined the a 

\\X—Y\\ P 

same probability space, then we have P(\X — Y]^ > e) < - — £P p and so 



K(X,Y)< \\X-Y 



ip/(p+i) 



□ 



Proof of Proposition 3.5. The first point is a consequence of com- 
putations detailed in [28], Section 2.4, proof of Theorem 2.1.3 (cf. also [20], 
pages 220 and 221), these computations done in norm L 1 being still true in 
norm LP for any integer p > 1 . 

We only give the end of the proof of the second point which follows the 
scheme of the proof of the first point. 

According to the computations done in [28], Section 2.4, identification of 
the cluster values, it is enough to show that we have 



sup sup 

0<i<T i£Ri 



D 1 F(w s (x),T^ s/£i (•)) ■ y £ s (x, ■) ds 



LP 



0{V~e), 



for any integer p>l. Let an integer i = 1, . . . , d be given. We have 



D 1 F(w s (x),T^(-))-y £ (x,-)ds 



^ ] -^i,j,k,e{t}X), 
j,k=l,...,d 
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with 



e^le i* /e (D 1 F{w es (x),T\-' ] {-)))ij 

CS / f res 

[ / exp<^ / DF(w r (x))dr\ 

10 \ Ueu J / j,k 



xF k (w £U (x)M ul (-))du)ds 



Let p be an even integer. We have 
\\L iJAE (t,x)\\ p LP 



B 



npiFK v (x),rLvJ (.))).. 

;'=i 

Y[ fexpj f £Sj> DF{w r {x))dr 

f/=1 \ Ueu jt 



J k 



x F k (w £U Jx),T^'^-)) I dsf-dspdui 



■ du r 



V?e p ] I exp / ' DF(w r (x))dr 

xE v (^(D 1 F(w £Si ,(x),T^' i (-))k}j 
x fnF fc K v (x),TM(.)) 

V=i 



(isi • • • (is p dui • • • dur, 



x E 



E„ 



2p 



\G v {w eUil {x),T^{-)) 



i'=i 



du\ ■ ■ ■ du2 P , 



with B £iP : = {(si, . . . , s p ,«i, . . . , u p ) G R 2p : < Uj < Sj < ^} and by taking 
G 2 i'-i(a;V) = ( D l F ( x 'r))i,j and Gw{x', ■) = F k (x', •) for any i' = l,...,p. 
According to Property ("P ro ) and to the proof of Lemma 2.3.4 of [28], we 
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know that, for any integer L > 1 and any real number M > 0, we have 



1 



N-l 

sup — -j-j- \] SU P 



E„ 



Lk=l 



< +oo, 



where is the set of H = (H^\ . . . , H^) where the functions : 17 — > 
R are bounded, r/-H61der continuous, ^-centered and satisfy H-H^Htx, + 



< M. We get 



D 1 F(w s (x),T^ {-))y e s {x, •) ds = 0(e p ' 2 ) 



Li' 



□ 



In the following, we study the behavior of the family of random variables 
(yf (x, -)) £ >o when e goes to (asymptotic behavior of the covariance matri- 
ces, convergence in distribution with rate of convergence). Let us notice that 
the study of the family of random variables (y\{x, -))e>o when e goes to 
comes down to the study of the sequence of random variables (yy N (x, -))tv 
when N goes to +oo. Effectively, we have 



(27) 



sup sup\y £ s {x,uj)-y 1 s /[1/£i (x,uj)\ O0 = 0{Ve). 
o<s<T Luen 



Proposition 3.7. Under Hypothesis 3.2, the following limit exists: 
E%:= lim B[(y{ /N (x,-)f\ 

If, moreover, the matrixes A(F(w(x),-)) are nondegenerate (for all u£ 
[0; 1]), then we have 

V« > 0, n(My{ /N (x, •)), AT(0, EfO) = 0(N^ 2+a ). 



According to Proposition 3.5 and to (27), we have 



lim 



0. 



L 2 



Hence, definitions of Y? F in Theorem 3.4 and in Proposition 3.7 coincide. 
Let us recall that, for any i^-centered, bounded 77-Hlder continuous function 
g : — > R rf , we have defined 

A(g) : = E„ [g® 2 ] + £ (E, [g® 9 o T k ] + E„ [g o T fc ® 5 ] ) . 



Lemma 3.8. Under Hypothesis 3.2, the following limit exists: 
S|:= lim E^^r^r)) 02 ] 
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■= I ^2 A(F hN ( Wl/N (x), •)) + o(^Q! 

1=0 v 
with 

F i)N (x,uj) := expj-^^ DF(w r/N {x)) dr^F(w s/N {x), u) ds. 

Proof. We have 

y\ ,N {x,u) = -j= exp| — ^ DF(w r /]y(x)) drj 

(28) xF( Wa/JV (x),rW( w ))da 

AT-l 

= ^F fc|iV K/Ar^),r fc (a;)). 
iV fc=0 

Hence we have 

-. AT-l 

E u [(yl /N (x,-)f 2 ] = - £ E I/ [F fc)JV («; fc/JV (a;),r fc (.))®^K^( a: )' r, (-))]- 

fc,/=0 

We define 

m N := log ( N J and Ajv := {(fc, E {0, . . . , JV - l} 2 : |fc - l\ < m N }. 
log(lSro) 

We also define Sjv := {0, . . . , JV — l} 2 \ Ajy. According to the multiple decor- 
relation Property (V ro ) and to our choice of m^, we have 

- V»[FkA w k/N(x),T k (-))®F l , N (w l/N (x),T l (-))} 

(k,l)eB N 

On the other hand, since = 0{Nm^) = 0(Nlog(N)), we have 

^ £ |E,[F fciA K^ /A ^),T fc (-)) 

® (F ltN (w l/N (x),T\-)) -F k , N (w k/N (x),T l t 
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Therefore, we have 

EA(yl /N (x,-)f 2 ] 



- J2 ^u[F k , N (^k/N(x),T k (-)) 



1 

N 



(k,l)eA N 



•F k>N (w k/N (x),T l (-))} + 



log(AQ ; 
N 



N— 1-mjv 

E E E u [F k:N (w k/N (x),T k (.)) 

k=mpf k—mff<l<k+m^[ 



F k>N (w k/N (x),T l (-))] + 
log(iV) 



log(AQ S 
iV 



N—l—m* 



— J2 A{F k>N (w k/N (x),-)) + 



N 



k=rriN 
N-l 



N 



E -A(^,JvK /JV (a;),-)) + 



fc=0 



iV 



□ 



Proof of Proposition 3.7. The proof being analogous to the proof 
of Theorem 2.2 of the present paper, we do not give all its details. We only 
give the scheme of the pth. iterative step. We will just detail computations 
which differ from the proof of Theorem 2.2. In the following, N will be any 
integer and t any point in satisfying \t\oo < iV 1 / 2-0 . 

Let us write £fy |iV : = -A(F l>N (wi/ N (x), •)). 

1. We define H (t,N) := exp{^f^} - exp{-^ Ej^t, S F,z,iv*>}- Ac > 
cording to Lemma 3.8, there exists an integer Kq > such that we have 

k 



M/2J+1 

E E 

k=o n,...,j k =i, 
(29) 



dt h ■ ■ ■ dtj. 



■H (t,N) 



.11: 



o(exp{-i(<i,£|i> 



C te (log(iV) 2 ), |2 



AT 



}(l + l*l 



K 
oo 



(logW) ; 
N 



We define 



7V-1 



7V-1 



fli(t, iV) := exp{-^ £ ( tj S| |ZjAr t)} - J] (l - -L(t, S| )Z>Jv t)) . 

L z=o «=o v ' 

1 su Pz"(^ 5 ^F,i",AT^) 2 



We have 
|fTi(t,JV)|=0( E ex P 



2iv' 



( E ^F,;,iV 



8iV 2 
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and, more generally, there exists a nonnegative integer K\ such that 



M/2J + 1 

E E 

k=0 ii,...,i fe =l,...,d 



dt h ■ ■ ■ dt jk 



Ht(t,N) 



(30) 



o\ 



l + \t\ Kl 

1 * \ L \oo 



'N 
x exp < 



— -sup(i,E PJV i) 

2iV ;// 



We prove this estimate as we proved (6) in the proof of Theorem 2.2 by 
replacing (7) by the following formula which holds for any integer N > 1 
and all C fe -regular functions g±, . . . ,gjy : H d — > C: 



N 

11* 



dt h ■ ■ ■ 9t Jk \ i=1 
k 



E E En* 

m=l {ki,...,k m }£E m!N AeC mth \j^ki,...,k m 



m 



d# A v 



9k„ 



p=l ""JjCp) 



Jap) 



1 



where E m ^ is the set of subsets {1, . . . , N} with cardinal m and where £ m & 
is the set of partitions A = (Aj , A m ) of {1, . . . , k} in nonempty subsets 
(i.e., A p C{l,...,k}, A p ^0, \J p Ap = {l,...,k} and A p n A q = p ^ q) 

withA p = {l<*\...,lf Ap }. 

2. This leads us to the study of 



E, 



exp 



N 

N-l /l-l 



N-l 



1=0 



IK 1 -^(^h,Nt) 



x E, 



JV-l 



Zi iN (x,-)exp< —= (^ F k,N(wk/N(x),T k (-))) 



k=l+l 



with 



(t,F hN (w l/N (x),T l (.)))} - 1 + {t ^ Nt) 



36 



F. PENE 



3. We consider the quantities M := p + 3 and ai, . . . , cim introduced in the 
proof of Theorem 2.2. We still define A := and A m := Y^jLi a j f° r every 
1, . . . , M. There exists a real number k > such that aj < kN 01 / 2 for 



rn 



any j = l,...,M. 

4. We estimate the following quantity as we have estimated H2 in the 
proof of Theorem 2.2 [cf. estimate (10)]: 



N-l fl-i / 

m,N)-.= £ n 1 

l=N-\KN a /' 2 \ V?=o V 



2N 



x E, 



Zln(x 



( ■ N-l 

,-)exp|-^ E (t,F k , N (w k/N (x),T k (-))) 



5. For any I < N — \_KN a / 2 \ — 1 and any j = 1, . . . , M, we define 



:= exp 



l+A, 



and 



We have 



fc=Z+Aj_i+l 



AT-l 



g(D :=exp £ <i,i^(™ fe/Ar (x),T fe (.))> 



k=l+A M +l 



i 7V_1 

Z i>A r(x,-)exp<| -= E (^ F kM w k/N(x),T k (-))) 



fc=Z+l 

(0 



Moreover, as in the proof of Theorem 2.2, we can show that we have 



M/2J+1 

E E 

k=0 ji,...,j k =l,..., 



-H 3 (t,N) 



= 



with 



dt h ■ ■ ■ dt jk 

N-[ K N a / 2 }-l /l-l / /. V 2 +\ 
sr^ I TT / 1 ^ ' F,l,N l ! 



\t\p+ l 



N (l/2-a)(p+l) 



H 3 (t,N):= E II 1 



z=o 



x E v 



2iV 



Vj=2 
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6. It remains to estimate 

E e„ 

£=(£l,...,£M) 



^,iv(x,ofn^ (0 



where the sum is taken over the e = (ei, . . . , £m) £ n^lii - 1; •^j^} w ith ei = 

J 7 ! , the £j being not all equal to J 7 - . For any such vector e = (ei , . . . , e p +3) 
we define jo := max{j > 2 :Ej = — 1}. We write 

io-i 

A, £ (iV,t) :=^uv(x,-) II £ i 
i=i 



and 



M 



JV-l 



exp 



Vj=jo+i 



fc=Z+l+A,- 



In this study, we will use the following estimate instead of (11) (used in the 
proof of Theorem 2.2): 

l-l , u v2 



Qk 

(31) 
with 

min(|d/2j+l,Z) 

bNM : = E 
(32) 



n( \ ^F,j,N^ 
A 2^V— 



(l-m + 1) 



m=0 



x exp ■ 



i-i 



We will see that we have 

AT-l 



E 6jV,K*) = C»(min(iV, 



N 

I ''loo 



First, let us notice that there exists a real number cq > such that, for all 
integers N, L>1 and all x 6 R d , we have 

0< {x,Y? F ^ N x) < co|a;|^. 

On the other hand, since the symmetric matrices ^l(-F(w n (a;), ■)) are nonde- 
generate, there exist an integer N\ > 1 and a real number ci > such that, 
for all integer L> N\ and all x £ R d , we have 

/ i £-1 \ 



E ^'^,Z,A rX ) — ^l 33 



2 



1=0 
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2(Ld/2j+l)c 
ci 

min(|d/2j+l,Z) 



If / > max(JVi, zlL " / t J i ^ i;c ° ), then we have 



Hence, we get 



m=0 
AT-l 

E 



b N At) = min iV, 



iV 
T7T2 - 

rloo 



Z=max(AT 1 , f(2( [d/2\ +l)c )/c 1 ]) 

On the other hand, we have 

£ 6^(*) = 0(1)- 

First step: estimate for the covariance. We use Property (V ro ) as in the 
proof of Theorem 2.2 to estimate Cov v (Di e (N,t),Ei e (N,t)). 

Second step: estimate for the first expectation. We show that we have 



Lrf/2J+1 

(33) E E 

k=0 ji,—,jk=h 



k 



-E u [D h£ (N,t)} 



O 



1 + 1*1 



N-N 1 - * 



dt h ■ ■ ■ dt jk 

Let us denote by J the following set: 

J:={j = l,...,j -l:ej=jj l) }. 
Let us recall that 1 belongs to J . We have 
\E u [D^(N,t)}\ 

( ■ 1 + a j 
Z l<N (x,-)expl -LE E (t,F k>N (w k/N (x),T k (-))t) 

I V -iV ; c -7 t~ liJ . , 4-1 



E, 



By noticing that we have 
l+Aj 

^ E K^,ivK/iV^)^ fc (0)-^ivKAr^),r fc (.)))| c 
jej"fe=i+Aj_i+i 

•(log(AO) 2 ' 



AT 



we are led to the study of \F, u [Di >e (N,t)]\, with 

( . l+Ai 



D^ E (N,t) :=^( V )exp U= £ £ (t,Fi )N (wi/ N (x),T k (-))} 

I v iV je.7fc=«+A,-_i+i 
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We can estimate this quantity as we have estimated the term E 1/ [£)^ e (n, t)] 
appearing in the proof of Theorem 2.2. We will not rewrite all the compu- 
tations. We will just detail the case k = 0. 
According to Taylor's formula, we get 



Zi,n(x,-) 



and 



{t,F ltN (w l/N (x),T l {-))) 



+ — (t, (X% l>N - (F ltN (w l/N (x),T l (.))f 2 )t) + O 



AT3/2 



expl — Y, E (t,F l!N (m/N(x),T k (-))) 
<V iV jeJ r fc=«+A j _i+i 



l+Ai 



1 + -7T T E E (t,F^ N (w l/N (x),T k (.))t) + U" 



Therefore, we have 
E v [A )£ (iV,f)] 

1 



2iV" 



t,(S^-(F^(^(x),T'(-)))' 



+ 



®E E ^K^),^)) U 

j'eJ"fc=z+Aj_i+i / / 



N 2 



NN 



+ o 



l-a 



NN 1 ' 



NN 1 - 



Third step: estimate for the second expectation. We write N' = N' N l := 

N - (I + 1) - A jo and tl = t' NU := tJ^f et := /? + d + 8. We estimate 
~Ei v \Ei e {N , t)] with the use of the inductive hypothesis as we have done in 
the proof of Theorem 2.2. Hence, we get 



[d/2}+l 

E E 

k=0 ji,...,j k =l,...,d 



dth ■ ■ ■ dt 3k 



E v [E liS (N,t)] 
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+ L P> a >P' N ,p(l/2-a) + a N', P ,a,f3'(t')- 

Therefore, we got estimates analogous to those established in the proof of 
Theorem 2.2. We conclude in the same way with the use of (31) and (32). 

□ 

APPENDIX 

Optimal and suboptimal estimates in norm L p . Let us consider a time- 
continuous dynamical system (A4,T,/i, (Y t )t£n,), where (A4,T,fi) is a prob- 
ability space and where (5^)teR is a family of //-preserving transforma- 
tions of M such that (t,y) t— > Yt(y) is measurable and satisfies Yq = id and 
Yt+ S = Yt o Y s . Let us fix an integer d > 1. 

Let us consider a measurable function / : R rf x M —> R rf bounded, uni- 
formly Lipschitz continuous in the first parameter such that, for any (x,y) G 
R d x A4, the functions t \—* f(x,Yt(y)) are continuous on the right-hand side 
and limited on the left-hand side (i.e., they are cadlag functions), the set of 
discontinuity points being contained in a numerable set T> y independent of 
x. For all e > and all (x,y) G H d x A^, we consider the continuous piece- 
wise C 1 function, 1 1— ► (x, y), solution of the following differential equation 
with initial condition: 

dX e (r iA 

(34) X s (x,y)=x and Vi G R \ eT> y , ^ ' V) = f(X!(x, y), Y t/e (y)). 

We are interested in the behavior of (Xf(x,y))t when e goes to 0. We ap- 
proximate {Xf{x,y))t by the solution {Wt{x))t of the differential equation 
with initial condition obtained from (34) by averaging 

(35) W (x) = x and Vi G R, ^M = f( Wt (x)), 

with f(x'):= f M f(x',y')d»(y'). 

This leads us to the study of the behavior of the error term (Ef(x,y))t 
between the solution of the perturbed equation (34) and the solution of the 
equation (35) obtained by averaging 

(36) Ef(x,y):=Xf(x,y)-W t (x). 

In [21] and [28], the question of convergence in distribution of ( Et ^ V ^ )t when 
e goes to has been studied. The aim of this part is to establish estimates as 
optimal as possible of sup xeR d || sup 0<f<To \E%(x, •) loo , with p G [1; +oo]. 
In the following, we denote f(x,y) := f(x,y) — f(x). 
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If M is a compact manifold, if the flow {Yt)t is C 1 and if / is C 1 with 
compact support and satisfies the following condition of uniformly bounded 
variance: 

1 rt 



(37) 



sup sup 







f(x,Y s (-))ds 



< +oo, 



L' 2 



Dumas and Golse established the following estimate (cf. [11]): 



(38) 



VT >0, 



sup \Ef{x,-)\ O0 dxdv(y) = 0{e 1 / 3 ) 

R d xM 0<t<T 



Let us notice that their proof is still valid in the general context described at 
the beginning of this appendix, when / : H d x A4 — > R d is a continuous func- 
tion with compact support, C^'* (i.e., measurable, uniformly bounded, C 1 
in the first variable with D\ f measurable and uniformly bounded) satisfying 
the following integrally bounded variance property: 



(39) 



sup 

R d t>0 



-Lj*f( x ,Y s (.))ds 



dx < +oo 



L- 



(cf. [27]). Let us notice that, / having a compact support, condition (39) is 
weaker than condition (37). 

In this appendix, we will make stronger hypotheses than conditions (39) and (37), 
which will enable us to establish estimates in 0(e 1 / 2 ) or in 0(\ ln(e)|e 1 / 2 ) 
according to results due to Billingsley [5] and Serfling [35]. 

In Section A. 1.1 we give optimal and suboptimal estimates for sup^gpjd || sup 0<t<ro 
in the case of averaging method perturbed by a transformation (cf. Sec- 
tion 3.1). In Section A. 1.4, we deduce from Section A. 1.1 estimates for 
su Pa;£R d II su Po<t<To i x i ')I°o||lp when the flow is associated (in some sense) 
to a transformation satisfying hypotheses of Section A. 1.1. 



ef(x, 



oo \\LP 



A. 1.1. Perturbation by a transformation. In the following, we are in the 
general context described at the beginning of Section 3.1 (before Hypothe- 
sis 3.2). We will suppose that this dynamical system is invertible, that is, that 
T is one-to-one from a set f2 \ iVo onto a set Q\N% with i'(Nq) = v(Ni) = 
and that the inverse transformation T -1 is measurable. Such a hypothesis is 
not restrictive. Effectively, any dynamical system is a factor of an invertible 
dynamical system (its natural extension). We consider a real number To > 0. 
We are interested in the study of the asymptotic behavior (as e goes to 0) 
of the following quantities: 



(40) 



sup 

xe~R d 



sup 

«e[0;T ] 



e,[x, 



LP 



with p > 1. For any (x,uj) 6 R d x 0, we define F(x,uj) 
According to Gronwall's lemma, we have 



F(x,uj) - F(x) 
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Proposition A. 1.1. For any e > and any (x,(j) G H d x S7, we /iciue 



sup leffoidJIoo < (1 + L F e iFTo ) sup 

ie[0;T ] *e[0;T ] 



e [ t/£ F(w £S (x),T^(Lu))ds 
Jo 



and 



sup 

t£[0;T ] 



e [ t/£ F(w £S (x),T^(u;))d S 
Jo 



<(1 + L F T ) sup |ef(x,a;) 
*g[0;T ] 



According to this result, the study of (40) brings us to the study of the 
following quantity: 



sup 


sup 


ej 


xe~R d 


te[0;T ] 


Jo 



rt/e 



LP 



A. 1.2. Estimate in norm L 2 : a suboptimal result. A first result is the 
following one. 



Theorem A. 1.2. If we have 

(41) sup J2 SU P \E v [FiM-F i (y,T k (-))]\<+oo, 

i=i,...,d fcgZ x,yeR d 



then we have 
(42) 



sup 



sup |e£(avJ|oo 
te[0;T ] 



L 2 



0(\He)\VS). 



Let us notice that the condition (41) is close to the condition (37), the 
main difference being the fact that in (41) we study covariances of functions 
Fi(x,-) and Fi(y,-), with x and y maybe distinct. Condition (41) is not 
extremely restrictive; in particular, we can verify it for the examples studied 
in [11] without making more computations than those done to show that 
the condition (37) is satisfied. 

Let us recall the following result. 



Theorem A. 1.3 ([5], page 102). Let two real numbers a > 1 and f3 > 1 
be given. Let {X n ) n be a sequence of real-valued random variables defined on 
the same probability space and a sequence of nonnegative real numbers {u n ) n 
such that, for all integer uq > and n > 1, we have 



E 



riQ+n— 1 

E * 

k=no 



fn 



hn-1 \ P 



U: 



k=no 
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then, for all integers uq > and n > 1, we have 

/no+n-l X/ 3 
<(log 2 (4n)W ^ u, . 

V fe=no / 

Scheme of the Proof of Theorem A. 1.2. Let us apply Theo- 
rem A.1.3 to X k := J^ +1 Fi(w es (x),T^i(-))ds, a = 2, u t = C and = 1. 
We get 







no+m— 1 


«- 


E 


sup 


E *< 






m=l,...,n 







sup supE^ 



sup 

n=0,...,N 



' F(w £S (x),T^(-))ds 



0(Nlog(N)). 



We conclude with the use of the fact that F is uniformly bounded. □ 

The result of Theorem A. 1.2 is suboptimal. Effectively, under hypotheses 
of Theorem A. 1.2, we have 



sup sup 

xGR d te[0;T ] 



F(w £S (x),T^(-))ds 



L- 



0(e 



-1/2N 



If, moreover, we have sup^ Enez l n l su Px, y eR d \^A F i( x ^ " F i(Vi T ' n (-))]\ < 
+oo, then a direct computation (cf. [20] and [28], Proposition 2.2.3) enables 

us to show that the covariance matrix (relative to v) of yfe F(w £S (x),T^- s ^ (• 
converges, as e goes to 0, to Jq A(F(w u (x) , ■)) du, with A(g) = Efcgz ^v[g ® 
goT k \. In that case, if some F(x, •) are not coboundaries [i.e., if some matri- 
ces A{F(w u (x),-)) are not null], then sup xeR(i sup < t < T() E„[| $ e F(w £S (x), 
rW (•)) ds^] 1 ' 2 is exactly in ^. 

Therefore, according to Proposition A. 1.1, sup,,. gR d sup tg [ 0;To ] E„[|ef (x, 
■)\lo\ l/2 is exactly in . 

Let us mention that the case when functions F(x, •) are all coboundaries 
has been studied in [28]. 

Let us notice that we can get an estimate in 0(y / e) in I? when we can ap- 
ply the martingale method (see Gordin's method [15]; cf., e.g., Theorem 5.3.6 
of [27]) with the use of Doob's inequality for martingales [16]. 

A.1.3. Moment of larger order: optimal results. We use the following 
result established in [35]. 

Theorem A. 1.4 (cf. Theorem B in [35]). Let two real numbers a > 2 
and C > be given. There exists a real number K > such that, for any 
sequence of real random variables (X n ) n satisfying the following: 

ng+n— 1 



sup sup E„ 

no>0 n>l 



1 



n 



a/2 



E 

k=no 
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we have 



sup supEj, 

no>0 n>l 



sup 



rW 2 fe =i, 



no+fc— 1 

E * 

l=n 



< K. 



A consequence of this theorem is the following result. 



Theorem A. 1.5. Let an integer p > 2 be given. If the family of functions 
T := {Fi(x, •); x G R rf , i = 1, . . . , d} satisfies the following condition: 



N-l 

J2 sup 

h,...,h p =0(9i,--;92 P )£3 r2p 



E„ 



2p 



i=l 



sup 



sup |e;(x,-J|oo 

te[0;T ] 



L 2 p 



Proof. We have 

N-1 

sup 

^ Rd ii,...,i 2l 

= 0(iV p ). 



rh+1 












'h 


J hp 





2p 

l[F t (w £Sj (x),Th(.)) 



cisi • • • ds2 P 



We conclude with Theorem A.1.4 for X k := J^ +1 Fi(w £S (x), (.)) ds and 
for a = 2p. □ 

Examples of systems satisfying the hypotheses of Theorem A. 1.5 for all 
p G [1, +oo[ have been studied in [28]. In particular, we have the following 
result. 



Proposition A. 1.6. Under the two first points of Hypothesis 3.2, we 
have 



V p G [1, +oo[ sup 

x£~R d 



sup \e^(x,-)\oo 

t£[0;T ] 



L 2 p 



0{V~e). 



Proof. By a combinatorial argument (cf., e.g., the proof of Lemma 2.3.4 
of [28]), we can show that, in this situation, hypotheses of Theorem A. 1.5 
are satisfied. □ 
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A. 1.4. Perturbation by a flow. We study here quantities sup xgR d || sup tg [ 0;To ] \Ef(x, •) 
for the averaging method for differential equations perturbed by a flow in the 
context described at the beginning of the Appendix. We will see how we can 
be brought to the question of the study of sup xgR d || sup tg [ 0; T ] \ e t ( x > ')loo \\lp, 
where ef(x,uj) is the error term in the averaging method for a differential 
equation perturbed by a transformation. We will consider the transforma- 
tion T = Y\ (in the case of diagonal flows) or we will use a representation of 
the flow as a special flow (in the case of the billiard flow). We will conclude 
with the help of the results of Section A. 1.1. 



oollLP 



A. 1.5. Flow stopped at time 1. In this section, we take (£l,J~, v, T) = 
(M,T, fi,Yx). We consider the function F : R, d x Q — > K d defined by F(x, u) := 
Jq f(x,Y s (uj)) ds. We consider the processes (xf (x,u)), (wt(x)) and (ef(x,u;)) 
given by (24), (25) and (26) for this choice of (fi,jF>,T) and of F. Then 
we can show that, for any real number Tq > 0, we have 



sup sup \Ef(x,uj) 
(z,w)£R d xnte[o,To] 



e$(x,u)\ 00 = 0(e). 



According to results established in [23] about diagonal flows, Property (Vi) 
is satisfied in this context. This enables us to show the following result, 
according to Proposition A. 1.6. 



Example A. 1.7 (Diagonal flow on a homogeneous space). Let d > 2 be 
an integer and let T be a cocompact subgroup of G := SL(d, R). We consider 
the quotient space Ai := SL(d, R)/r endowed with the probability measure 
left-translation-invariant p, induced on Ai by the Haar measure on G. Let 
(Ti)f =1 be a decreasing sequence of d positive real numbers not all equal to 
1, the product of which is 1. For any real number i£R, we denote by T l 
the matrix 



T 



(T{ 



\ 



1 2 







1 d- 



TV 



We consider the /i-preserving flow {Yt)t defined on G/Y by Yt(xY) = T l xY. 
Let us fix a riemannian metric do on G? invariant by right-translation and 
let us define a metric d on G/Y by 



d(xY,yY) :-- 



inf d (x,y-y). 

7GT 



If / : H d xM-> H d is a measurable function, which is uniformly bounded 
and uniformly Lipschitz continuous in the first variable and uniformly Hlder 
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in the second variable (for the metric d), then we have 



Vpe [i,+oo[, 



sup 

xe~R d 



sup \Ef(x,-) 

i£[0;T ] 



L 2 p 



O(v^), 



where {Xf(x,uj)), (W t (x)) and [Ef (x,u)) are defined by (34), (35) and (36) 
for this choice of (M.,T,/j,, (Y t ) t ) and of /. 

A. 1.6. Case of a special flow. Let us suppose now that the time-continuous 
dynamical system (M, T, fJ,, (Y t )t) is the special flow associated to a dynami- 
cal system (O, u, T) and to a roof function t : Q — > [0; +oo[ satisfying inf r > 
and supT < +oo, which means: 

(i) M. is the set {(u, s):w£l],s6 [0; r(u;)]} with identifications (u, t(u>)) = 
(T(u),0); 

(ii) T is the <r-algebra induced on M. by the product u-algebra ft x R + ; 

(iii) the probability measure \i is given by d/j,(ui, s) <. 1 dv(uj) ds; 

in Tdu 

(iv) the flow (Yj)t is given by Yt(u;, s) = (u>, s + i) with the identifications 
(u,,t(u,)) = (TH,0). 

We make the following hypothesis on the function / : H d xM-> R rf : 

Hypothesis A. 1.8. The function / is measurable, uniformly bounded 
and uniformly Lipschitz continuous in the first variable. 

For every (x,oj) E R d x f2, the function s i— > /(x, (u>, s)) is continuous on 
[0, r(u;)[ and the following limit exists: ]im s _ fT t LJ \_ f(x, (uj,s)). 

We then consider the function F:H d x Q — > R d defined by F(x,uj) := 

f(x,(uj,s))ds. We consider also the processes (xf(x,w)), («7((x)) and 
(ef(x,u;)) defined by the (24), (25) and (26) for z/, T) and for this choice 

of i 7 . We consider the process (ff(x,co)) defined as the process (ef(x,u;)) 
by replacing F by the function G given by G(x,u) = r(uj)f(x). According 
to [21] (see also [28], Section 3.2), we have: 

Remark A. 1.9. Under Hypothesis A. 1.8, for any real number T > 0, 
we have: 

sup sup sup \Ef(x,uj) - (e £ £n(t/ ^(x,^) - fl n{t/£Lj) (x,uj))\ 00 = 0(e), 

xGK d £>0 te[0,T ] 

with n(t,uj) : = max{ra > : J2k=o T ( Th ( UJ )) < <}■ 
Hence, for any Tq> and any p £ [1; +oo[, we have: 

< 



sup \Ef(x,- 

*6[0;T ] 



LP 



sup \e e t (x,-) - ff(x,-)\ c 
te[0;T /infn r] 



LP 



+ 0(e) 



On the other hand, as for Proposition A. 1.1, we can show that we have: 
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Remark A. 1.10. Under Hypothesis A. 1.8, there exists a real number 
C > such that, for any real number e > and any (x, uj) G R rf xO, we have 

rt/e 

sup |ef (x,ui) — ff(x,uj)\oo < C sup 

<e[0;T ] te[0;T } 







ffK s (x),rW( w ))d s 



with H(x,u>) := F(x,ui) — T(u>)f(x). 



According to the results on the billiard flow established in [28] (cf. also 
[37] and [38]), Property (V r ) is satisfied for every real number r > 1. There- 
fore, according to the proof of Theorem A. 1.5, we have: 

Example A. 1.11 (Billiard flow with finite horizon). Let Q be a compact 
subset of the torus T 2 = 1^-, the complement of which is a finite union of 
strictly convex open sets (open disks, e.g.) with closure pairwise disjoint and 
the boundary of which is C 3 with curvature never null. We are interested 
in the behavior of a point particle moving in Q with unitary speed and 
elastic reflections off dQ. We consider the time-continuous dynamical system 
(M,T, (j,,(Yt)t) defined as follows: 

(a) we denote by T 1 Q the set of position-speed couples (q,v) with q £ Q 
and \\v\\ = 1; we define M. := {(q, v) £ T l Q : q ^ dQ or (n(q),v) > 0}, where 
n{q) is the unitary normal vector to dQ in q (oriented to the inside of Q) if 
q £ dQ. We endow M with the metric d given by 

d((q,v),(q',if)) =d (q,q') +d 1 (v,i?), 

where do is the metric induced on T 2 by the usual euclidean metric on R 2 
and where di(v^) is the absolute value of the angular measure taken in 

] — -it; it] of the angle (v, v'); 

(b) /j, is the normalized Lebesgue measure on Ai; 

(c) (Y t )t is the billiard flow defined on M. by Y t (q,v) = (</,?/) is the 
position-speed couple at time t of a particle that was at position q with 
speed v at time 0. 

For every (q,v) £ Ai, we define T + (q,v) := inf{s > 0:q + sv £ dQ}. Let 
us suppose that function r + is bounded (we say that the billiard has finite 
horizon). If / : K d x M -> R d is a measurable function, uniformly bounded, 
uniformly Lipschitz in the first variable and uniformly Hlder in the second 
variable, then we have 



Vp £ [1, +oo[, sup 



sup \E$(x,-)\ c 
t£[0;T ] 



= o(V£), 

iP-v 



where the processes {Xf (x,uj)), (Wt{x)) and (Ef(x,uj)) have been defined 
by (34), (35) and (36) for this choice of {M,T,/j,, (Y t ) t ) and of /. 
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